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ABSTRACT 



We study a general D-dimensional Schwarzschild-type black brane solution in the Einstein-dilaton 
theory and investigate its thermodynamics. Using the membrane paradigm we calculate the several 
hydrodynamic transport coefficients and then compare them with the results obtained by the Kubo 
formula in the 4-dimensional case. By calculating the momentum diffusion constant of the shear 
modes, we calculate the sum of the energy density and pressure, which is consistent with the result of 
the black brane thermodynamics. 
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1 Introduction 

For the last decade, the AdS/CFT correspondence [H El [3] has been one of the very interesting and 
fascinating subjects for understanding the strongly interacting quantum field theory (QFT). Applying 
the AdS/CFT correspondence to QCD or the condensed matter system provided many interesting 
physical results like the phase structures [3] , the ratio between the shear viscosity and entropy [5J [U 
El [101 [IT] , holographic superconductor p2]-[22] and strange metallic behavior [23], etc. In this 
paper, we will investigate the hydrodynamics for the relativistic nonconformal field theory dual to 
the Einstein-dilaton gravity by the generalized concept of the AdS/CFT correspondence, the so-called 
gauge/gravity duality. 

Recently, after assuming the gauge/gravity duality it was shown that the dual field theory of 
the Einstein-dilaton gravity can be described by the relativistic nonconformal theory [23], in which 
the DC conductivity and the charge diffusion constant were calculated by using the Kubo formula 
[5l [6l [23]. The DC conductivity with the running dilaton coupling shows the unexpected behavior 
which may describe electrolyte. In this paper, following the membrane paradigm, we will generalize 
this gauge/gravity duality to the general D-dimensional Einstein-dilaton theory and furthermore apply 
it to the shear modes. The shear modes are important to check this gauge/gravity duality because 
they contain information for e + P in the thermal equilibrium, where e and P implies the energy 
density and pressure respectively. Independently, the same result can be also determined by the 
thermodynamics of the black brane. If the gauge/gravity duality is working in the Einstein-dilaton 
theory, those two results should be consistent. Notice that the black brane thermodynamics does not 
depend on the details of the dual QFT, whereas the hydrodynamic calculation needs techniques or 
informations of the quantum field theory. As a result, the calculation of e + P becomes a nontrivial 
check of the gauge/gravity duality in the Einstein-dilaton theory, although the exact map between the 
Einstein-dilaton gravity and its dual QFT is not clear. 



1 



The rest parts are following: In Sec. 2, we consider an Einstein-dilaton gravity with a Liouville-type 
dilaton potential and find a black brane solution with arbitrary constant rj in the general dimension D. 
By investigating the thermodynamics of this black brane, we show that according to the gauge/gravity 
duality the dual field theory is described by the relativistic non-conformal field theory at finite temper- 
ature. Sec. 3 is devoted to the computation of several transport coefficients of the dual non-conformal 
theory. Using the membrane paradigm, we study the DC conductivity and charge diffusion constant, 
which are consistent with those obtained by the Kubo formula in the 4-dimension [23]. Moreover, we 
also investigate the shear viscosity and momentum diffusion constant, which are important quantities 
because they involves informations for the dual non-conformal field theory, as we mentioned previously. 
We show that the thermodynamic property e + P can be also reproduced from the hydrodynamics of 
the dual field theory. In Sec. 4, we finish this work with some concluding remarks. 

2 /^-dimensional black brane in the Einstein-dilaton theory 

We consider a general D-dimensional Einstein-dilaton theory, which is the generalization of the 4- 
dimensional warped geometry [23] and provides a hyperscaling violating solution [25]-[35j. The action 
is 

with a Liouville-type potential 

V{<t>) = 2Ae^, (2) 

where A is a negative cosmological constant (A < 0) and r\ is an arbitrary constant representing the 
non-conformality of the dual theory respectively. For convenience, we set G = 1 from now on. The 
Einstein equation and equation of motion for dilaton are given by 

R»v ~ ]^Rg^y + \gvvV{4>) = ^d^d v <j> - g^(d(j)) 2 , (3) 

1 a^fM) _ (4) 



To solve these equations, we take the following general metric ansatz for a black brane 

ds 2 = —gtt dt 2 + g rr dr 2 + dx l dx^ 

dr 2 



-a{r) 2 f(r)dt 2 + - + 6(r) 2 ^dxVx^, (5) 

a( r yf(r) 



with 





= 00 - k 


a{r) 


= a r a \ 


b{r) 


= b r b \ 


f(r) 


m 





(6) 
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where i and j represent the spatial coordinates of the boundary space and m is the black brane mass 
which appears as an integration constant. Notice that we can set, without loss of generality, bo = 1 
by using the rescaling of spatial coordinates x l and absorb 4>q into the effective cosmological constant 
A e f f = Ae^ . The solutions satisfying all equations are given by 

2(D - 2)r] 



a\ = bi 

Of) 



8 + ( j D-2)t ? 2 ' 
8 

8 + (L»-2)r ? 2 ' 

(8 + ^-2)^)7^77 
2VP-2) [8(Z>-l)-(Z>-2)rfl' 
8(D - 1) - (D - 2)r/ 2 



(7) 



8 + (D - 2)r] 2 

This black brane solution is valid only for rj 2 < 8{D — 1)/(D — 2), which is called the Gubser bound 
[361 EH [381 EH]. If not, ao becomes an imaginary number, which exchanges the roles of time and the 
radial coordinates. Notice that since the redefinition of time as f -> t/ao is also possible, we can set 
ao = 1. Here, we simply set 

A{D - 2) [8(D - 1) - (D - 2) V 2 ] 
eff ~ [8+(D-2Wf ' (8) 

which fix the combination of the cosmological constant and the integration constant 4>q. As a result, 
the asymptotic form of the black brane metric in the Einstein-dilaton theory reduces to 

ds 2 = -^-dr 2 + r 2ai (-dt 2 + dx 2 + dy 2 ) . (9) 

In this case, the Poincare symmetry /S'0(l,2) of the hypersurface located at a fixed r becomes clear, 
so the dual field theory is described by a relativistic QFT. For rj = 0, the background geometry reduces 
to the asymptotic AdS space with the effective cosmological constant K e ff 

_ (D-l)(D-2) 

A eff ~ ^ ' t 10 ) 

which is the cosmological constant of a general D-dimensional AdS space, as we expected. 

For more understanding on the dual field theory, we need to study the thermodynamics of this 
black brane because it can be identified with that of the dual theory. From the metric in (0) together 
with Q and ([7]), the event horizon is located at 

Th = m -[8+(D-2)^]/[(D-2)^-8(D-l)] _ (n) 

Then, the Hawking temperature Th defined by the surface gravity can be represented, in temrs of the 
horizon, as 

rp _ (~A e// ) 8+(D- 2)7] 2 [a-(D-2)rf]/[8+(D-2)rf] 

H ~ 16tt (D-2) h ' 1 ] 
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and the Bekenstein-Hawking entropy Sbh becomes 

Vb-2 8(D~2)/[8+(D-2),, 2 ] 

Sbh = r h \ (13) 

where Vd-2 is the spatial volume of the boundary space. Usually, a black hole (or brane) system 
provides a well-defined analogous thermodynamic system, so the above black brane should satisfy the 
first thermodynamic law 

= dE — Th cLSbh- (14) 

From this relation we can determine the energy of the black brane geometry by rewriting the Hawking 
temperature in terms of the Bekenstein-Hawking entropy and then integrating it. In terms of the 
event horizon, the energy becomes 

p _ (~Ae/f )Vp-2 8 + (D - 2)lj 2 [8(D-l)-(D-2)r,*}/[8+(D-2) V *] 

8vr 8(D — I) - (D — 2)7/2 r h > 
and the related free energy is given by 

(-A e// )Vb-2 64 - (P - 2) 2 7/ 4 [8(D-l)-(D-2)r, 2 ]/[8+(I3-2)^] 

64vr (D - 2) [8(£> — 1) — (D — 2)t/ 2 ] ^ ' 
The pressure of the system can be easily obtained from the thermodynamic relation P = —dF/dV£>~2, 
so we can easily read off the equation of state parameter from the following relation P = wEjVi 

1 77 2 

W '—2-\' < 17 > 
which shows that the dual gauge theory with a general 77 is not conformal. For 7/ = 0, the asymptotic 
geometry is the D-dimensional AdS space and the energy-momentum tensor of its dual field theory 
becomes traceless, as we expected. For the general 77, since < rj 2 < 8(D - 1)/(D - 2), the equation 
of state parameter w can have the following values 

-1< W <^. (18) 

To check the thermodynamic stability of the dual field theory, we calculate the heat capacity in terms 
of Hawking temperature 

2{D - 2)V D _ 2 ( W(D-2)n \8M/[M^tf] 8(D _ 2)/[8 _ (D _ 2)??2] 

^ 8 _ {D _ 2)772 {[8+(D- 2)7/2] ( _ Aeff) ) H ■ 

Note that the heat capacity of the AdS black brane can be reproduced by setting 7/ = and it is always 
positive, which implies that the AdS black brane is thermodynamically stable. For rj 2 < 8/(1? — 2), 
the black brane has also a positive heat capacity, while its heat capacity is singular for rj 2 = 8/(D — 2) 
and negative for 8/(D — 2) < rj 2 < 8(D — l)/(D — 2). As a result, the Schwarzschild-type black brane 
of the Einstein-dilaton theory is thermodynamically stable only for < ?/ 2 < 8/(D — 2) which implies 
that the dual field theory is generally described by a relativistic non-conformal quantum field theory 
and thermodynamically stable only for < w < 1/(D — 2). Notice that if taking D = 4, we can also 
reproduce all results in 
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3 Membrane paradigm 

Following the usual AdS/CFT correspondence, the dual operator of a bulk vector fluctuation A 1 is a 
boundary current f . The one-point correlation function of f in the quantum field theory (QFT) can 
be defined by 

< ) QFT = i%) = ^'(M F i* (20) 

where k„ is the covariant momentum vector and Fjt = E~ corresponds to the electric field in j'-direction. 
In general, since a %3 is a function of the frequency kt = u) it corresponds to the AC conductivity which 
is also related to the retarded Green function 



Gf 
too 



° ij (k») = -^P^. (21) 



In terms of the canonical conjugate momentum II™ of a bulk vector field A{, the retarded Green 
function can be also rewritten as 



In the zero momentum limit ki = (i mesns the spatial directions), a lJ can be represented as a lJ = 
<JAc( UJ )fi l:> due to the rotational symmetry. In this zero momentum limit, the DC conductivity can be 
obtained by taking the zero frequency limit 



a DC = lim a AC (uj). (23) 



3.1 DC conductivity 



Now, we consider a stretched horizon r s which is a timelike surface at a fixed r just outside of the event 
horizon. Since no observer can hover at the event horizon, the stretched horizon acts as a cutoff for 
the bulk space outside the black brane. In the membrane paradigm, the dual field theory is defined on 
the membrane located at this stretched horizon instead of the asymptotic boundary. In other words, 
the bulk fluctuations are dual to some operators on the membrane. Then, the generating functional 
of those operators is represented by the surface term of the action on the membrane instead of the 
asymptotic boundary. In this section, we will study the hydrodynamic transport coefficients of the 
dual QFT by using a membrane paradigm [SJ El [TO] and compare them with the results of the Kubo 
formula [24] . Notice that as will be shown, the membrane paradigm is a very powerful method to 
obtain the general results in the general D-dimension with the general parameters. 
Regard a bulk U(l) gauge field with a r-dependent gauge coupling 5d(^) 2 

S=-f d D X ^ g F MN F^ N , (24) 
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where l/g£>{rY 



?a<t>(r) 



/<7q and g$ is a constant. First, we concentrate on a DC conductivity on 



the membrane located at the stretched horizon. Since a DC conductivity is well-defined without the 
spatial momentum, we can take the zero momentum limit without loss of generality. In the A r = 
gauge, the Fourier mode of the vector field can be represented as 



AJr,t) 



-iuit 



2vr 



AJr,u). 



(25) 



If regarding r as a time coordinate, the canonical conjugate momentum 11™ of the spatial component 
of Ai, which can be identified with the current j l on the membrane, is given by 



IT 



J 



-g 



9D{r) 



rr ii Tp 
3 9 -*V 



(26) 



In the usual gauge/gravity duality, an incoming boundary condition at the horizon plays an impor- 
tant role to understanding the physical properties of the dual QFT, which is also true in the membrane 
paradigm. Since the horizon is a regular place to a free falling observer, the electromagnetic field de- 
tected by him must be also regular. This implies that near the horizon the bulk gauge fluctuation 
should be depend on r and t through their non-singular combination. In the Eddington-Finkelstein 
coordinate 



u = dt + . 1-IlL d r anc i v 
V 9tt 



dt — a ilL dr } 
V 9tt 



(27) 



u and v describe the incoming and outgoing modes respectively. In this coordinate, the incoming 
boundary condition at the horizon implies that the electromagnetic field should be given by a function 
of u only, so F v i = d v Ai = 0. By using the chain rule, this incoming boundary condition can be 
rewritten as 



l r. 




(28) 



which implies that all fluctuations around the black brane must have only the incoming modes at least 
in the classical gravity theory. Then, the current on the membrane can be rewritten as 

1 



9D{r) 2 V 9tt9: 



-9 



■9 n F lt 



(29) 



Comparing it with (|20p . the conductivity of the membrane lying in the stretched horizon is given by 

1 



a 



-9 



-9 



9D{r) 2 V 9tt9r 

The equations of motion and Bianchi identity = d[ r F it ] become in terms of the current 

~9 tt Ai ; 



d r Fit 



iuj 



9d(t)'' 



9 tt 9 n F 



-iu> 



9D{r) 



it i 



QrrQiiJ 



(30) 

(31) 
(32) 
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where we used (j26[) and (|28H . In the zero frequency limit, the current f and electric field Fa are 
independent of the radial coordinate, which implies that the DC conductivity in (|30p actually holds 
for all r. If we put r s into r/j and rewrite in terms of the Hawking temperature f)12|> . the DC 
conductivity in the general dimension D with the general parameters, a and r/, reduces to 

TOC = ^l[8 + (D-2 W (-A t „)J r » ' (33) 

Especially, the DC conductivities, after taking special parameter values, become 

&dc = ~n for D = 4 and a = , (34) 

and 

if 2 2 

^C = ^( 77T lv x X ^ T t^ for D = 4 and a = -17/2, (35) 
which are coincident with the results in [24j. 

3.2 Charge diffusion constant 

Consider a thermal equilibrium of a quantum field theory. If we disturb this system by turning 
on a small nonuniform perturbation of charge density varying along y-direction, the charge gradient 
generates a non- vanishing current, which eventually diffuses away back into thermal equilibrium. At 
the lowest order of the derivative expansion the diffusion process is governed by the following dispersion 
relation 

u = -Wk 2 , (36) 

where T> is the charge diffusion constant. In the linear response theory, the above appears as a pole 
of the retarded Green function of the longitudinal mode even in the absence of an external field. 
Following the gauge/gravity duality, this thermalization process can also described by a dual gravity 
theory. Since the bulk black hole or brane solutions usually provide a well-defined thermodynamic 
concept to the dual field theory, the evolution of the black brane with corresponding fluctuation can 
explain the diffusion process of the dual field theory. Keeping it in mind, we will investigate the charge 
diffusion of QFT by studying the dual gravity theory. 

If we take a momentum of the vector fluctuation to be along the ^-direction k = k y , the equations 
governing the vector fluctuations are divided into two parts: one is the longitudinal modes A t and A y 
and the other is a transverse mode A x , where we still use the A r = gauge. Since the momentum plays 
an important role to determine the charge diffusive pole, we take the hydrodynamic regime, 00 ~ k 2 , 
uj « Th, and k « Th, instead of the zero momentum and zero frequency limit. As mentioned 
previously, the charge diffusion appears as a pole of the retarded Green function of the longitudinal 
modes only, so from now on we concentrate on the longitudinal modes. The longitudinal modes should 
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satisfy two dynamical equations as well as the conservation of and the Bianchi identity which can 
be rewritten in terms of current j M in (I29p as 











-d r f 



9D{r) 



9 - g tt gy y d y F yt , 



-9 



9D(rf 



9 U 9 vv dtF % 



yt > 



= dtf + dyf, 

Q = _9rr9yy9D(r) 2 _ ftrg^rgg^ + 



V~9 v-g 

From these equations, we can derive a flow equation for the longitudinal conductivity 07, (r, 
j y /Fyt m 



(37) 

(38) 
(39) 
(40) 



with 



n ■ / 9rr 

O r (JL = IWa / — 
V 9tt 



1 



k 2 g yy . 



~_R gVV 



(41) 



(42) 



9D{r) 2 V ffttfr 

Similarly using g xx = g yy , the flow equation for the transverse conductivity ot = j x /F xt is given by 



o • / 9rr 
O r <JT = / 

V 9tt 



Or, 



k 2 g yy 

E A r) 1 - — % 



(43) 



In the zero frequency limit, regardless of the momentum, above two conductivities are independent of 
the position of the stretched horizon. Furthermore, imposing the regularity of the conductivities at 
the horizon they reduce the value of the DC conductivity in the previous section 



^L,T(r h ,k^,) = T, A (r h ) = a DC , 



(44) 



which plays a role of the initial data for the conductivity flow. In the hydrodynamic limit (u,k « Tjj) 
the flow equation of the longitudinal conductivity reduces to 

d r a L 



. k 2 gu9r 

i — — 

UJ 



9D{rf. 



(45) 



' L ^ y~9 

According to the holographic renormalization, the radial position of the stretched horizon r s can be 
identified with the energy scale of the dual field theory. Integrating (|45|) from to r s with the initial 
data in ((UJ), the longitudinal conductivity at r s becomes 



iuj a DC 



ioj — D(r s )k 2 ' 

where the charge diffusion constant T>(r s ) depending on the energy scale is given by 

gttgrr 



T>{r s ) = a D c 



dr 



-g 



9d{tY. 



(46) 



(47) 



This result together with (I2ip shows that the retarded Green function has the following form 



which is exactly the form obtained by the Kubo formula at the first order perturbation [23]. Using 
(|2ip and ()23|) . we can reobtain the DC conductivity consistent with (|30|h 

In the general L>-dimensional Einstein-dilaton theory ([5]) , the charge diffusion constant of the dual 
field theory becomes 

V{r s ) = U g ' ' rl (49) 

where 

gCD-3) - {D -2)(r] + 2a)r) 

8 + (D-2) V 2 
8(D - 4) - 2(D - 2)^ 
^ " 8 + (D- 2)772 • (5UJ 

For the positive 6, in other words a < ^(D^i)-^ 11 > ^ ne criar S e diffusion constant of the dual field 
theory is well-defined at the limit of r s — > oo. Otherwise, it diverges at the infinity. For the well-defined 
hydrodynamic transport coefficients at the asymptotic boundary, we concentrate only on the positive 
5 from now on. Then, the general charge diffusion constant at the asymptotic boundary becomes 

V(oo) = HW/) [8 + (^-2h 2 ] 2 m 

( ' 16ttT h (D-2)[8(D-3)-(D-2)(77 + 2a)7/]' 1 ' 

At the horizon r s — > r^, the charge diffusion constant becomes zero. From (09]), we can easily see that 
the charge diffusion constant decreases monotonically from (|5ip along the RG flow. Especially, in the 
4-dimension the charge diffusion constant at the asymptotic boundary (r s — >■ oo) reduces to 

and 

P= ( - A f )(4+ / )2 for a = -l (53) 
16ttT h 4 2' v ; 

which are exactly coincident with the results obtained by the Kubo formula [23] . 
3.3 Shear modes 

As shown in [7] E] , the relevant equations for gravitational shear modes hf and hy , can be mapped 
to an electromagnetic problem. If we set hf = at and hy = a y , the action governing the shear mode 
fluctuations is reduced to 

S = ^ / d D x^~g g xx F aP F^, (54) 
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where a and /3 imply the longitudinal direction t or y. Here, F a p is the field strength of at and a y , 
which in terms of metric fluctuations is given by F a p = d a hp — dph^. This action for shear modes is 
exactly the standard Maxwell form with an effective coupling 

11 

— 2~ — Vr~ 9xx- (55) 

9g 167r 

So we can immediately take over all results of the previous section. The corresponding DC conductivity 
<jg a t the horizon becomes 

(56) 



1 -9 

0"G " 



16vr V 9tt9 



Irr 



Notice that the Bekenstein-Hawking entropy density s can be written as 

(57) 



Sbh 1 / -g 

s = 



Vd-2 4 V 9tt9rr 

The real meaning of the above DC conductivity for the shear modes is the entropy density divided by 
4-7T, which is the expected result in the Kubo formula and corresponds to the shear viscosity due to 
the celebrated universality of the ratio between the shear viscosity and the entropy (8] 

= f . (58) 

S 47T 

Similarly, we can also easily evaluate the retarded Green function of the shear modes 

G T V = ■ nf\, 2 > (59) 
ilj- D s (r s ) k z 

where the momentum diffusion constant T> s , by taking analogy with the charge diffusion constant, is 

V s (r s ) = 4, r d r^^- 

Jr h V 9 9 xx 



8 + (D - 2)r] 2 ( 1 1 



8(D - 1) - (D - 2)r/ 2 \rl r] 

with 



(60) 



8-CD - 2jrf 

7 8 + (D-2) V 2 [ ' 

Below the crossover value rf < 8/(D — 2) [37 ^ 138 ^ 139]. the black brane is thermodynamically stable and 
7 is always positive. If we put r s at the infinity, the momentum diffusion constant in the membrane 
paradigm reduces to 

V(r)= *+(D-^ 2 1 (62) 

Note that the momentum diffusion constant at the infinite boundary is also related to the shear 
viscosity r] s in the hydrodynamics of QFT 
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where e and P are the energy density and pressure of the dual theory located at infinity respectively. 
In terms of the thermodynamic quantities in (|13j) . fjl5[) . and (|16j) . the momentum diffusion constant 
can be rewritten as 

MD-2) 1 



e + P (8 + (D - 2)r] 2 ) (-A e// ) r [8-(r»-2)v»]/[8+(z»-2)ir«] " 

Using the effective cosmological constant in (|8|) , the momentum diffusion constants of the membrane 
paradigm and the hydrodynamics are consistent and finally reduces to 

».(») = (65) 

which shows that the momentum diffusive pole decays rapidly at high temperature as we expected. In 
addition, it also shows that the momentum diffusion constant does not depend on the nonconformality 
fo the dual field theory. 

4 Discussion 

In this paper, we have investigated the thermodynamic properties of the general D-dimensional 
Schwarzschild-type black brane in the Einstein-dilaton theory. Through the gauge/gravity duality, 
we found that the dual field theory for general rj is described by a relativistic non-conformal quantum 
field theory. In the special limit 77 — >■ 0, the above black brane solution reduces to the well-known 
AdS black brane and its dual is a relativistic conformal theory. On this background geometry, we 
further studied the hydrodynamic transport coefficients of the vector and shear modes following the 
membrane paradigm [8]. In the Einstein-dilaton theory, there exists a nontrivial dilaton profile which, 
according to the gauge/gravity duality, corresponds to the running coupling of the dual field theory 
due to the non-conformality. After introducing one parameter a describing the weight of a running 
coupling in the dual field theory, we investigated the DC conductivity and charge diffusion constant of 
the general D-dimensional dual field theory. We showed that these results provide the exactly same 
results obtained by Kubo formula in D = 4 with a = or — rj/2 [24] . 

In the previous cases [21], we simply assume the gauge/gravity duality. However, it is very inter- 
esting question to ask whether we can really apply the gauge/gravity duality to the non-AdS geometry. 
There were several examples using this gauge/gravity duality in the asymptotic non-AdS space, for 
example Lifshitz, Schrodinger geometries and Sakai-Sugimoto model, etc. Unfortunately, we do not 
have any exact proof for the gauge/gravity duality even in the AdS geometry, although there were 
many evidences for the AdS/CFT correspondence. In such situation, it is not hopeful to prove the 
gauge/gravity duality. Instead, we want find the possibility for the generalization of the AdS/CFT 
correspondence to the non-AdS geometry. That is the main goal of this work. In this paper, after 
assuming the gauge/gravity duality, we derived the thermodynamic properties of the dual field theory 
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from the black brane geometry, in which the details of the dual field theory were not used. On this 
thermal equilibrium, if we turn on the shear modes, their transport coefficients can be described by 
the Kubo formula derived from the quantum field theory and interestingly include informations of the 
thermal equilibrium like energy and pressure (see (|63p ). If the generalization to the gauge/gravity 
duality is possible, we can expect that the physical properties of the dual field theory obtained by 
the black brane thermodynamics and by the Kubo formula should be consistent. In Sec. 3.3, we 
studied the transports coefficient of the shear modes and calculated the sum of the energy density 
and pressure from the momentum diffusion constant. Furthermore, after rescaling of time or fixing 
the combination of two parameters A and 4>q , we showed that the sum of the energy density and pres- 
sure in the momentum diffusion constant is exactly the same as that obtained from the black brane 
thermodynamics, which shows the possibility applying the AdS/CFT correspondence to the non-AdS 
geometry. Notice that here we used the membrane paradigm instead of the Kubo formula and checked 
that the membrane paradigm reproduces the same results obtained by the Kubo formula in Sec. 3.1. 

Although the exact correspondence between the bulk fluctuations and their dual operators is still 
unclear, this work shows one possibility for the generalization of the the gauge/gravity duality to the 
non-AdS space. The gauge/gravity duality in the non-AdS space is one of the important issues and it 
is interesting to apply it to the real physical systems. We hope to report more results in near future. 
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